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Abstract 



We study the Type IIA NS five-brane wrapped on a Calabi-Yau manifold 
X in a double-scaled decoupling limit. We calculate the euclidean partition 
function in the presence of a flat RR 3-form field. The classical contribution 
is given by a sum over fluxes of the self-dual tensor field which reduces to a 
theta-f unction. The quantum contributions are computed using a T-dual IIB 
background where the five-branes are replaced by an ALE singularity. Using 
the supergravity effective action we find that the loop corrections to the free 
energy are given by B-model topological string amplitudes. This seems to 
provide a direct link between the double-scaled little strings on the five-brane 
worldvolume and topological strings. Both the classical and quantum con- 
tributions to the partition function satisfy (conjugate) holomorphic anomaly 
equations, which explains an observation of Witten relating topological string 
theory to the quantization of three-form fields. 



1. Introduction and Summary 



The type IIA Neveu-Schwarz five-brane remains one of the more mysterious objects in 
string theory. Its world-volume theory is described by six-dimensional little strings |], |2|, 
^ |], [5| that in the low-energy limit reduce to a (2,0) superconformal field theory which 
contains self-dual two-form fields. One of the problems of the five-brane world-volume 
theory is that it is in general quite hard to work with self-dual tensor fields since they 
do not allow a straightforward covariant Lagrangian formulation. A second problem, the 
fact that little string theory did not seem to have a natural weak coupling limit, was 
illuminated by Giveon and Kutasov in P, [1, where they found a double scaling limit 
in which the world-volume theory decouples from the space-time theory and moreover a 
weak coupling expansion exists. In this paper we investigate the type IIA NS five-brane 
in a similar limit that involves the background RR three-form field. The concrete aim of 
this paper will be to calculate the quantum corrected euclidean partition function of the 
five-brane, wrapped on a Calabi-Yau manifold X in the presence of a flat RR 3-form field 
Conl. 

The motivation for this calculation is twofold. First of all a computation of the partition 
function allows us to learn more about the little string theory itself. Since a wrapped 
brane has a natural twisted supersymmetry algebra the partition function can be viewed 
as a supersymmetric index || and as such it decouples from certain moduli. Indeed we 
will see that it only depends on the complex structure moduli (or equivalently, conformal 
structure) and RR background of X. That is, the five-brane partition function only 
depends on the IIA hypermultiplet moduli of the Calabi-Yau. 

This last observation is closely related to a second application of our computation. In type 
IIA Calabi-Yau compactifications there are possible five-brane instanton contributions to 
the hypermultiplet metric and other four-dimensional quantities coming from euclidean 
NS five-branes wrapping the CY IJ. In the low energy decoupling limit these contributions 
are represented by the five-brane partition function coupled to the RR background field. 
So our computation could be helpful in determining these instanton corrections. 

We will find that the free energy F can be expressed as a semiclassical expansion in the 
effective string coupling constant. The classical contribution is given by the sum over 



fluxes of the self-dual tensor field that lives on the five-brane. This result is familiar 10 



see also e.g. fll], [TJ, |13fl ) and can be expressed as a theta- function, 



Z$ = e 0h(} (x;z) (1.1) 

which depends on the fluxes x of the C-field, on the coordinates z of the complex structure 
moduli space of X, and on a choice of a kind of "spin structure" on X given by a, f3. 

We claim however that in this particular double-scaled decoupling limit there are non- 
trivial quantum corrections, even in the case of a single five-brane due to the presence 
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of the background C field. The crucial ingredient in deriving the quantum part of the 
result will be the fact that we can change to a T-dual point of view where we can deduce 



the exact quantum contributions. It is known [[TJJ] that a configuration of k euclidean NS 
five-branes in Type IIA string theory compactified on X x R 4 can be T-dualized to a 
Type IIB compactification without five-branes but with a non-trivial metric of the form 
X x M 4 . Here M 4 is an ALE background of type Ak_i also known as a gravitational 
instanton. Since we go from the IIA to the IIB theory with a T-duality transverse to 
the Calabi-Yau the compactification X does not change — this in contrast with mirror 
symmetry. 

We will argue that in our limit, the relevant terms in the low-energy supergravity de- 
scription of this system will be the so-called F-terms (BPS saturated terms) that can be 
computed from B-model topological string amplitudes. These terms have the form 

S = J2f F g (z,z)T 29 - 2 R_AR_, (1.2) 

g>0 jMA 

where T is the so-called graviphoton field and i?_ the anti-self-dual part of the Riemann 
curvature. On an ALE singularity the curvature term gives a localized 5-function contri- 
bution that corresponds to the decoupled five-brane quantum effective action in the IIA 
picture. So we are led to the conclusion that quantum partition function is given by 

= exp^^(^)A 2 s- 2 , (1.3) 

where A is the effective string coupling constant proportional to the expectation value of 
T. The full answer for the partition function, 

Z X = Z$.Z%, (1.4) 

is then obtained by combining the classical and quantum contributions. 

As we will explain in more detail later, in the simple case of X = K3 x T 2 , where by 
supersymmetry the higher loop terms T g> \ vanish, this gives the familiar result 

7 #4,20 (t, r) 

Z kzxt* = ^ r)24 , (1.5) 

where r is the modulus of the torus. In this expression, the Narain theta-function comes 
from the classical sum over fluxes and the eta-function results from the T\ one-loop term. 
So, in some sense our results suggest that this form of "theta/eta", so familiar from chiral 
conformal field theories in two dimensions, generalizes naturally to Calabi-Yau manifolds. 
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Remarkably the classical and the quantum part of the partition function both satisfy 
(actually conjugated) holomorphic anomaly equations. This anomaly equation was first 



derived by by Bershadsky, Cecotti, Ooguri and Vafa [15, 16] in the case of the topological 



string amplitudes. Subsequently Witten |17| observed that a similar relation can be 



obtained by quantizing the space of flat three-forms H 3 (X;H). In the latter case the 
corresponding wave function is naturally given by the theta-function G which appears here 
as the classical contribution of the five-brane partition function. The two contributions 
can thus be regarded to take values in dual line bundles over the moduli space of complex 
structures on X. 

This paper is organized as follows. We begin with a description of our system and the limit 
we take in section 0. In section ^ we evaluate the classical part of the partition function 
for a single NS five-brane in type IIA string theory. We pay particular attention to the 
fact that the two-form field appearing in the action has a self-dual field strength, using 
methods developed by Witten [fTOfl . We also consider two specific examples to clarify our 
results. The first is an NS five-brane wrapped on a K3 x T 2 manifold; the second example 



considers a Z 2 -orbifold of this |18| which in most respects — though not in all, as we will 
discuss — is a Calabi-Yau manifold. After this, we describe the quantum contributions 
to the partition function in section [| — now with an arbitrary number of five-branes in a 
Coulomb phase. We cannot really derive these contributions from our IIA point of view, 
so here we change to the T-dual description. We first check that the classical result in this 
picture agrees with the one we obtained on the IIA side, and then derive the expression 
for the quantum contributions. After this we come back to the two examples we studied in 
section |3|. In section || we make some interesting remarks and state some open questions 
about our results. Section |6| contains our conclusions, and appendix [A] contains the more 
detailed calculations that we need in order to derive the holomorphic anomaly equation 
in section 0. 



2. Description of the system 



The system we study in this paper has two T-dual descriptions. We will begin by describ- 
ing the system from a type IIA point of view, and then explain what the same system 
looks like if we T-dualize it to a type IIB system. 



2.1. The type IIA picture 



We compactify euclidean type IIA string theory on a fixed Calabi-Yau threefold X. In 
this theory, we put k euclidean NS five-brane instantons that are completely wrapped 
around the CY and hence are point-like in the remaining four space-time directions. We 
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denote the generic distance between these five-branes in four-dimensional space by Ax. 
Following Giveon and Kutasov || [/J, we define a mass scale 



Ax 

mw = w . (2.1) 

Here gf, l s denote the usual type IIA string coupling constant and the string length. 
Originally, this quantity was defined for NS five-branes in IIB string theory where it 
can be interpreted as the mass (in units of the string mass) of a "W-boson" formed by 
stretching a D-string between two of the five-branes. Of course in IIA theory there are no 
D-strings, but we can for example interpret this quantity as the mass density of stretching 
D2-branes in string units. We want to take a limit where Ax — > 0, but the five-branes 
can still be viewed as independent objects in a Coulomb phase. This can be done, as was 
argued in || [Tj, by sending gf — > as well, in such a way that m w is large. In fact, as 
we shall explain below, we want to take a limit where — > oo. 

Since gf goes to zero, the theory on the NS five-branes decouples from the bulk string 
theory, and we obtain little string theory. (Besides the references mentioned in the in- 



troduction, we refer to ]19[ for a review of little string theory.) Moreover, Giveon and 
Kutasov argue that this theory becomes weakly coupled if we take mw large. Of course, 
since the masses of the objects that stretch between the five-branes become large, the the- 
ories on the different five-branes will also decouple from each other. This means we are 
indeed in a Coulomb phase, and we will use this fact later on to argue that the partition 
function of the full system can be written as the fc-th power of the partition function of 
a single five-brane. 

The low-energy theory on the five-brane contains a self-dual two-form field, five scalar 
fields and the fermions needed for supersymmetry. Of the bosonic fields, the self-dual two- 
form will be the only one that we consider in this paper. Four of the scalars correspond 
to the position of the five-brane, which in our setup is fixed. We should really take the 
fifth scalar Y, which corresponds to the position of the five-brane on the M-theory circle, 
into account. However, note that we will generally assume that the Calabi-Yau has strict 
SU(3) holonomy and therefore does not have any non-trivial 1-cycles. So the classical 
solutions of the field equations for Y cannot have any winding number, and only the 
constant field configuration contributes^]. 

We will also turn on a background flat Ramond-Ramond three-form field C which along 
the directions of X will have dC = 0. This field can have fluxes through three-cycles of 
the Calabi-Yau, and it will couple to the field strength H = dB of the self-dual two-form 
field living on the five-branes. Technically it is classified by an element of H 3 (X,U(1)). 
(Extra subtleties in the quantization coming from the K-theory interpretation of RR fields 
are absent for CY three- folds, since there is no discrete torsion.) 



*In our example of K3 x T 2 , there are 1-cycles, and we will have to take the winding numbers of Y 
into account. 
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2.2. The type IIB picture 



When we compactify the system described above on an extra circle, we can do a T-duality 



in this direction. It is known |L4] that after such a T-duality, the five-branes disappear, 
but the geometry of the resulting space becomes non-trivial and we obtain a Taub-NUT 
space. If we let the compactification circle grow to infinite size on the IIB-side, this space 
degenerates into an ALE-space of type A^-i, where k is the number of five-branes on the 
IIA-side. There is a problem with the case k = 1 here, which we will discuss in section 



5.3 



Now let us investigate what the limit described in the previous section corresponds to on 
the type IIB-side. After a T-duality, the string coupling constant is 



9? 



(2.2) 



where Ra is the size of the compactifying circle. Now if we would have put our five- 
branes at fixed angles around the circle, Ra would be proportional to Ax, and we arrive 
at the result that the string coupling constant on the IIB-side is inversely proportional 
to mw- In particular, it will go to zero in our limit. Note that this also implies that the 
four- dimensional Planck length 

l P = 9% (2.3) 

is small compared to all other lengths in the IIB geometry, so that we can trust the 
supergravity approximation to the IIB string theory. 

Since the C-field in the IIA theory had all its legs along the Calabi-Yau, after T-duality 
it will become a four-form C4 which from the four- dimensional point of view looks like 
a set of Abelian one-form gauge fields — where each three-cycle of the Calabi-Yau gives 
rise to a single gauge fieldf]. The equations dC = of course have implications for these 
gauge fields, which we will discuss in detail in section |4.2j . 

There is one special gauge field, the so-called graviphoton, which as we shall see cor- 
responds to the part of the four-form that multiplies the holomorphic (3,0)-form of the 
Calabi Yau manifold. This field will play an important role in our determination of the 
quantum contributions to the five-brane partition function. On the ALE-space, this field 
will have fluxes through the vanishing two-cycles, and an overall flux To through the 
two-sphere at infinity, which is the boundary of the four-dimensional space without the 
T-duality circle. We will be sending this overall flux (appropriately scaled by powers of 
the string length) to infinity in such a way that the combination 



A = g s T (2.4) 

^More precisely, we should take half of the cycles here, since a dual pair of cycles gives a Hodge-dual 
pair of gauge fields related by an electromagnetic duality. 
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is held finite. We will see that A is be the effective string coupling constant in our final 
result. 



3. The classical five-brane partition sum in type II A 



In this section, we want to calculate the classical contribution (i.e. the contribution coming 
from solutions to the equations of motion) to the five-brane partition function in the HA 
setup we described in the previous section. As we argued there, in the particular limit we 
take we expect the partition function of k five-branes to be simply given by the fc-th power 
of the partition function for one five-brane, so throughout this section we will concentrate 
on a single five-brane. Note that from a four-dimensional point of view, the sum over 
classical field configurations on the five-brane is a sum over instanton quantum numbers, 
so we will use the terminology "partition sum" and "instanton sum" interchangeably. 



In section CO we express the classical value of the action in terms of fluxes, while for the 
moment ignoring the self-duality of the fields. In section |3.2| we do a Poisson resummation 
to obtain a factorized expression for the classical partition sum. The calculation in these 
two sections is similar in spirit to the one in p0|. In section |3.3|, we follow Wittens 



prescription JT0[ to incorporate the self-duality of the tensor fields, and write down the 
final expression for the classical contribution to the partition sum. In section |3.4| , we 
rewrite this expression using an auxiliary variable t that will be useful to us later. Finally, 
in sections |375| and p76| we use our results to study the examples of the five-brane wrapped 



on K3 x T 2 and (K3 x T 2 )/Z 2 . 



3.1. The classical instanton action 

As described in section j2.1| , we are interested in the action of a two-form field B with 
field strength H = dB, coupled to a background Ramond-Ramond three-form field C 
with dC = 0. In fact, using the gauge invariance, this means that we can choose C to be 
harmonic so that d*C = as well. The action is 

S = I \{H -C) A*{H -C)-iH AC, (3.1) 

where X denotes the Calabi-Yau manifold. According to the classical equation of motion 
H satisfies d*(H — C) = 0. When we take our constraints on C into account, this implies 
that H is harmonic as well. 

The numerical coefficients in the action (cf. [JEtl P0fl ) are fixed by demanding that the 
fields can be made self-dual and that the C-field only couples to the self-dual part of H . 
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In the presence of the background field, the condition of self-duality reads 



*(H-C) = -i(H-C), (3.2) 

where the factor i comes from the fact that we work in euclidean space. We will ignore 
this self-duality constraint for the moment, and include it in our considerations in section 



3.3 



The Calabi-Yau space has 63 = 2/i2,i + 2 three-cycles through which the field strength 
H may have non-zero fluxes. We choose a basis of canonical homology 3-cycles A 1 , Bj 
(I = 1, . . . , g = /i2,i + 1) in H 3 (X, Z), and denote the corresponding fluxes of H by 



H = 2-rm 1 , / H = 27rm 7 , (3.3) 

A 1 JBi 

Similarly the periods of the background C-field will be denoted by 

C = 2vrx(, / C = 2ttx 2 j. (3.4) 

A 1 JB I 

Note that since H and C are harmonic, every set of fluxes corresponds to a unique solution 
of the equations of motion. Moreover, since if is a field strength there is the usual Dirac 
quantization condition saying that n 7 ,m/ have to be integers. The variables x[,X2 t j are 
angular variables and take values in R/Z. 

It will be useful to formulate the result using the notation of special geometry which we will 
now briefly review. On the moduli space Ai c of complex structures for the Calabi-Yau X, 
let us introduce the homogeneous coordinates z 1 and the prepotential T{z) (homogeneous 
of degree two) defined by the periods of the holomorphic (3, 0) form Q: 

Q = z I , [ Q = Fi = di F{z) (3.5) 

A 1 JBi 

(with di = d/dzj). That the periods of Q over the 5-cycles can indeed be written in this 
form is a standard result from special geometry. In terms of a dual canonical basis aj, (3 1 
of H 3 (X, Z) this means we can write Q = z ! aj + diJ r {z)(3 I . The derivatives uoj = diVt are 
clearly linearly independent, and — since they correspond to first order perturbations of 
a (3,0)-form — by Griffith's transversality they span H 3,0 © H 2 ' . Together, the forms uj 
and their complex conjugates uj form a basis of H 3 (X, C). The periods of the uj are 



= 6*j, / ujj = t u (3.6) 

A 1 JBi 
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where we introduced the period matrix^ 



Tjj EE djdjFiz). (3.7) 

The field strength H can now be written as 

H = 2irh I u I + 27rh I uJ I (3.8) 

with 

h 1 = - l -{mj-rj K n K ){\mr- l ) IJ , (3.9) 
and h 1 its complex conjugate. Similarly we can write 

C = 2nx I u I + 2ttx i ZJ i (3.10) 

with 

x 1 = - l -(x 2 ,j - T JK x?) (Im r- 1 / J , (3.11) 

where again, following from the fact that the periods Xi,x 2 are real, x 1 is the complex 
conjugate of x 1 . 

Some remarks about our conventions should be made here. In the following all indices 
I,J,K,... are lowered with Im tu and raised with its inverse, which we have denoted 
above by (Imr _1 ) /J . Throughout this paper, we will interpret expressions of the form 
Imr -1 in this way, i.e. we first take the imaginary part and then the inverse. 

To evaluate the classical action we make use of the fact that on a Calabi-Yau manifold 
the action of the Hodge star on 3-forms is uniquely determined by the complex structure, 
namely it acts as (— l) p i on (p, 3 — p)-forms. Keeping this in mind, the evaluation of the 
action is now straightforward. One finds 

S m , n {x- z) = 2tt + x'xj - 2x I h I - 2 ^-^)^ -^ J )^ | (3 12) 

where h 1 depends on the integers mi and n 1 through its definition (|3.9|) . Here and in the 
rest of the paper we use a notation where \z\ 2 = z{z} , z 2 = zjz 1 and ~z 2 = ziz 1 . The last 
term in SVn,n arises because of the fact that the Hodge star acts with a relative minus sign 
on the (3, 0) part. Despite its appearance, this term is positive definite since \z\ 2 < 0. This 

*Note that — as we will see more clearly later — the eigenvalues of the Hodge star have the consequence 
that the imaginary part of tjj is not positive definite, but has signature (h ' , 1). 
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point will be important when we introduce the auxiliary variable t in section |3.4|. Note 



that to write down the last term, we really need our manifold to be a strict Calabi-Yau 
(i.e. it must have full SU(3) holonomy) to make sure that all three-forms are primitive 
so that there are no other three-forms which have a relative minus sign under the Hodge 
star. In our examples, we will see how to deal with slightly more general cases. 



3.2. POISSON RESUMMATION OF THE INSTANTON SUM 

The classical partition function for the full (i.e. not self-dual) tensor field H is given by a 
sum over all fluxes weighted by e~ Sm ' n : 

Z(x;z) = J2 e ~ SmMx]Z) ( 3 - 13 ) 

m,n 

We are interested in evaluating the partition sum for the self-dual tensor field. In fact, 



the situation is similar to the situation for chiral bosons in two dimensions, see e.g. JTO 
There it was found that the partition sum for the unconstrained boson can be rewritten 
after a Poisson resummation as a sum of products of a chiral and an anti-chiral part. 
The partition function for the chiral boson is then the chiral factor of one of the terms, 
where the choice of a specific term is equivalent to the choice of a spin structure on the 
two-dimensional manifold. We follow the same procedure here, and perform a Poisson 
resummation on the integers m/: 

Z(x;z) = J2 e ~^ P ' n(X ' ,z) ( 3 - 14 ) 

p,n 

where exp(—S Ptn ) is the Fourier transform of exp(—S m n ) with respect to the variable m. 

To perform this Fourier transformation we need to invert the quadratic form involving 
rrij that appears in the action. We can read off this form by putting n 1 = and x 1 = 
for a moment. This gives the quadratic term 



i-j 

2 



- mi U\uiT- l ) 1J -2—\mj. (3.15) 



To invert the matrix in brackets (or rather its symmetric part, which is what we need to 
do the gaussian integral), we use the identity 



sy^ *y J I yy ry J 

(Imr- 1 )" - , = -(ImA/"- 1 )" (3.16) 



\z\ 



with 

\fr r = Tr , 4- 9ft — 

y 2 



M u = T I j + 2i Z -^ (3.17) 
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This identity is easily checked by multiplying both sides with ImA/". Note that in contrast 
with the holomorphic period matrix 77 j, the non-holomorphic matrix Ajj does have a 
positive definite imaginary part. 

The Poisson resummation is now a tedious but straightforward calculation, and in the 
end we find 

Z = (detIm7V) 1/2 e~ Sp i' p R, (3.18) 

PL, PR 

where 

S pl,pr = -wPdRTuPl ~ 2tc ( 2 Pl - x -xYxf + inpgNuPR. (3.19) 
In this expression we used the notation 

xj = (Imr) w x J - ^^(x + xY, (3.20) 



and the sum is over the lattice 



Pl = W+p 1 



p R = W-p 1 , (3.21) 



2 
1 
2 

where n 1 and p 1 are the integers that appear in the sum (|3.14 ) 



3.3. The sum over spin structures 

In analogy with the case of the chiral boson [10|, we would like to write this expression as 



a sum of products of a chiral and an anti-chiral term, where the sum is over spin structures 
on X. We can do this by observing that the {pliPr) -lattice is a subset of the lattice of 
"half-integers" (i.e. integer multiples of |) satisfying the conditions 

Pl + Pr = n 

p L -p R = 2p (3.22) 

for p, n arbitrary integers^. From the first equation we see that pi and pr are either both 
integer or both of the form "integer + |", so we can replace the lattice sum by a sum 
over k, I, a where 

Pl = k + a 

p R = l + a (3.23) 

with k, I integers, k — l even and a G {0, |}. The condition that k—l is even can be satisfied 
by inserting a sum over (3 G {0, |} and a factor (— l) 2 ^ - ') in the partition function. Now 

^For notational convenience, we leave out the indices I here. 
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we have a sum over arbitrary integers k, m, so we can factorize the partition function: 



Z = (detImA0 1/2 Yl e *A x 'i z)9«A°; z ) ( 3 - 24 ) 
« J Ae{o,|} 

with 

e a ^{x;z)= Y exp27ri {-\p T Mup J + fap 1 - i {2p - x -x) J xj} . (3.25) 

Since ImAf is positive this theta sum converges. Note that it is neither holomorphic in x 
nor in z. The sum over a, (3 is the sum over spin structures we wanted to obtain, and we 
can now identify the classical partition sum of the self-dual tensor theory with one of the 
theta functions. That is, the classical contribution to the five-brane partition function is 



Z$ = Q aJi (x',z). (3.26) 

This is completely analogous to the way that chiral bosons in two dimensions lead to par- 
tition functions that are equal to theta functions depending on a choice of spin structure. 
The fact that we have to choose such a spin structure can best be compared to a choice 
of discrete theta-angles in the theory. 

Note that from the way the background C field (through its fluxes x 1 ) couples in ( |3.24 ) 
it follows that we have to take an anti-holomorphic theta function from this expansion. 
Ultimately, this is a consequence of the choice of the sign of the second term in ( [3.11) . 
We made this choice in order to agree with the existing literature, and in particular to 
have the matrix A//j appearing in our theta function. In section |4], we will see that if 
we choose the classical result to be anti-holomorphic, the quantum corrections to the 
partition function will have a holomorphic behaviour. The fact that the two ingredients 
have conjugate behaviour is really a physical result, but their individual behaviour is just 
a matter of convention. 



3.4. Introducing the auxiliary variable t 



As will be explained in section f|, the result for the partition function can be understood 
from a T-dual perspective in terms of the low energy M = 2 supergravity theory in 4 
dimensions coming from the ten-dimensional type IIB theory. Indeed, the matrix A/}j we 
introduced in ( 3.171) is known to represent the coupling of the various U(l) gauge fields 
in M = 2 supergravity. In this context it is also well-known that the coupling of the 
gauge fields can be expressed in an Af = 1 superfield language in terms of the purely 
holomorphic expression tjj by introducing the Weyl multiplet that contains the auxiliary 
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graviphoton field T. Quite often it is useful to keep the graviphoton as an independent 
field. 

Similarly, in the present context it turns out to be useful to rewrite the theta function 
( |3.25| ) by introducing an analogous auxiliary variable t. One easily verifies that 

e a ,p(x; z) = \f£ j dte- 2 ^ x '- 2tzI) ^e^ ipIpi ^ p {x-tz,tz) (3.27) 

where the "conformal block" is defined through 

ty p (x; z,z) = exp2vri {-\p I r u p J + 2ip I (z I - xi) + i(z' - x I )(z I - xj)} . (3.28) 

These conformal blocks are now holomorphic functions of x but have mixed z and ~z 
dependence (the latter through the anti- holomorphic period matrix r). Note that the 
variable t only appears as a prefactor of z 1 . Hence, it can effectively be absorbed in a 
rescaling of the holomorphic 3-form Q. The function \l/ p is homogeneous of degree zero in 
the variable z and hence there is no i-dependence in ([3.27 ). 

It is instructive to write the anti-holomorphic conformal block, which as we saw is the 
one appearing in the partition function of the self-dual two-form, in the following way: 

%(0]z,z) = exp 2m {Hp 1 + ¥)ru(p J + z J ) - p I T 1 - \7) , (3.29) 

where we set x 1 = 0, and T is the prepotential defined in Q3.5p. The z-dependence is now 
all in the first term, and the last term can be viewed as the genus 0-term in a topological 
expansion. We will come back to this remark in section |5.1| . 

To further clarify the meaning of the variable t, let us briefly go back to the original 
expression ( p,13|) for Z in terms of the action ( |3.12|) . The partition sum Z can almost be 
written as a gaussian integral of an auxiliary complex variable t, so that the last term in 
the action appears as the result of the gaussian integration. The "almost" here refers to 
the fact that the quadratic term in the integrand actually has the wrong sign. Ignoring 
this for the moment and proceeding, we have 

Z= \z\ 2 J2 I dtdte- 8 ^'^, (3.30) 

m,n 

where 

S m>n (x; t, t) = 2n {///if + x ll xj — 2x I hi 

+2tz I (h I - x/) + 2tz I (h I - Xl ) + 2ttz I ^i) . (3.31) 
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Note that \z\ 2 < 0, so the "gaussian" integral indeed has the wrong sign. 

Using this action, the Poisson resummation is much easier to perform, and we find 



^(detlmr) ^ J dt(E e~ 2n{xI ' 2lzl)xi ^ PL (x;tz,z)^ PR (0;tz,z). (3.32) 



(pL,Pfl)er 



Introducing the sum over spin structures as before, we again find the result ( 3.24|) with 
6 defined as in ( |3.27|) . To see that the determinants match as well, note that 

\z\ 2 

detlmX = detlmr^=. (3.33) 

Vz 2 z 2 

We have given an a posteriori justification for the introduction of the wrong-sign gaussian 
integral. This procedure can probably be made mathematically more rigorous by either 
introducing some cutoff at large t or by viewing the gaussian integral as a formal expression 
meaning "evaluation of t at the saddle points" , and showing that this commutes with the 



3.5. Example: The classical partition sum on K3 x T 2 

Before writing down the full expression for the five-brane partition function, we would like 
to stop here and consider two specific examples. The first is the NS five-brane wrapped 
on a K3 x T 2 manifold. Note that this is not a true Calabi-Yau manifold, since it has 
SU (2) holonomy group. Nevertheless, it will turn out that we can describe it nicely using 
the techniques of this section. The nice thing about this example is that the full answer 
- including quantum corrections — is already known from two different points of view, 
so it is a good way to test our results. 

When we wrap a five-brane around K3 x T 2 , we can do a dimensional reduction in two 
obvious ways: reduce on K3 or reduce on T 2 . First of all, when one reduces a single^] five- 
brane on the K3 manifold, a two-dimensional CFT appears that coincides with the world- 



sheet theory of the heterotic string compactified on T 4 [21|. Since we use supersymmetric 
boundary conditions, the resulting partition sum contains the contribution of only the 
left-moving oscillators. It is given by the well-known expression 

* - (3-34) 



-fin the case of k five-branes the partition function depends on the phase of the theory. In the "Coulomb 
phase" the branes are separated in R 4 and their contribution is simply Z\ . This corresponds to the dilute 
gas approximation. In the "Higgs phase" we expect a non-abelian U (k) tensor theory. After the reduction 
on K3 this phase should describe a bound state of k heterotic strings, i.e. a "long" heterotic string that 
is wrapped k times on T 2 . By summing over all these wrappings (connected covers of degree k) the 
partition function for k branes is written as Z^ — HkZ\ with Hk the k-th Hecke operator. 
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where the denominator is the Dedekind ^-function, and the numerator is the ^-function 
on the momentum lattice T 4 ' 20 for the heterotic string: 

#4,2o(r,r)= Yl <f j2 f R '\ (3-35) 
(PL,Pfl)Gr 2 o. 4 

with r the complex modulus of the T 2 , and q = e 2mT . Alternatively, when we reduce the 
theory on T 2 , we obtain a U(k) M = 4 super Yang-Mills theory. The partition function 
of the SYM theory on K3 can be computed directly [^2|, |23| as an exact sum of gauge 
instantons with the same result ( 3.34j ). 



The result (|3.34j ) consists of a classical result given by the theta-function, and a quantum 
part given by the eta-function. One would therefore expect to find the same classical 
contribution using the techniques from this section. Let us now check that this is the 
case; we will come back to the quantum contributions to this example in section P . For 
the moment, we set the C-field to zero. 



We start with some geometrical notions. For more on the geometry of K3, the reader 
may for instance consult | 24j . Let us denote the complex coordinate on T 2 by w, and its 



standard one-cycles by A, B. The complex structure parameter of the torus is denoted 
by r as usual. As for K3, we have the standard integral basis of two-cycles E J with 
an intersection matrix M IJ of signature (3,19). The basis of two- forms that is dual to 
this is denoted by t]j. Putting all of this together, we find a basis of three-forms on 
K3 x T 2 given by uj = rji A dw,ZJj — r]i A dm, and a basis of three-cycles given by 
A 1 = S 7 x A, B 1 = £ J x B. If the holomorphic three-form on K3 is given by z^j, the 
holomorphic three- form on K3 x T 2 is given by Q = z i loi. 

The main point in this calculation is to find the analogue for the K3 x T 2 case of the 
matrix M in ( ft.17 ). The first term is easily calculated, and is given by Tjj = tMjj, where 



Mjj is the inverse matrix of M IJ . With the second term, we have to be a bit careful. Note 
that the second term in ( |3.17| ) contains an operator that projects onto the (3, 0)-direction. 
The origin of this operator lies in the fact that on this direction, the Hodge star acts with 
an opposite eigenvalue. However, on K3 there are three directions in which the Hodge 
star has the "wrong" eigenvalue, corresponding to the three negative eigenvalues of M. 
Therefore, the result is that 



N u = tM u + 2z(Im t)M ik P K j, (3.36) 

where P now is a projection matrix on a three-dimensional subspace of the momentum 
lattice T 3 19. 



Finally, we must insert this expression for M in our result ( |3.24| ), which without the 
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C-field reads 



a ^ tn 1, m,neZ-a 



exp 2iri^mJ\fm — ^riMn + f3{ 



m — n 



(3.37) 



To see that this expression really can be expressed in terms of the ^-function, choose a 
basis pi for r 3i i 9 , so that Mu = pj ■ pj. Now we call 



w}pi 
n T pi 



P L 
p R , 



(3.38) 



and we decompose the p L,R into their space-like and time-like parts with respect to this 
basis as 

(3.39) 



~L,R ~L,R . ~L,R 
P ' = p + ' + pj . 



Using this notation, we see that 



m I Mi J m J 
m I M IJ P J K m K 



p L -p L 

p L + -Pi- 



(3.40) 



Collecting everything, we see that we can write the partition function as 

Z = E E exp^{r(^) 2 + r(^) 2 -r(^) 2 -r(pt) 2 



+ (Imr)2/?(p L -p R " 



(3.41) 



where r 31 9 + a is the momentum lattice translated by the vector a. We see that the 
terms with p L and with p R nicely form two separate theta functions: 



E o 



a,/9G{0,^} 



a 

(3 



(t)6 



a 



(r), 



(3.42) 



where 9 



a 



are the theta functions on the lattice r 3 19 with characteristics a, (3. For 



a = P = 0, these theta functions reduce to 



. Finally, to get the partition function 



for the self-dual field, we have to take a single conformal block from this expression, and 
we obtain a single theta-function as our partition function. 



Our result differs from (|3.34| ) in two ways. First of all, we find that we have to make a 
choice of spin structure and that the theta-function we obtain can change according to 
this. This is precisely what one would expect for a self-dual theory. Secondly, we obtain 
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the theta-function corresponding to a lattice of signature (3,19), whereas there is a lattice 
of signature (4,20) in ( 3.34 ). This difference is due to the fact that we only focussed on 



the holomorphic two-form, but left the periodic scalar field on the NS five-brane out of 
our discussion. As we noted in section [2.1|, this is allowed for a Calabi-Yau manifold, but 
not on a manifold with nontrivial one-cycles such as K3 x T 2 . Therefore, we should really 
add the fluxes of the periodic scalar to our momentum lattice, in which case we would 
find a theta-function on the full lattice r 4j20 . 

Apart from these differences, which can be explained easily, we see that we obtain ex- 
actly the correct classical partition function for this example, so we made a successful 
consistency-check of our results so far. After we discuss the quantum contributions for 



the general case in the next section, we will see in section [15] that we can reproduce the 
quantum factor in ( |3.34|) as well. 



The inclusion of the C-field in our result is now straightforward, using the full expression 
of formula ( |3.24j ). Since there is no really elegant and meaningful expression for the the 
full result, we will not write it down here. 



3.6. Example: The classical partition sum on (K3 x T 2 )/Z 2 



When the i^3-manifold in the previous section is the double cover of a so-called Enriques 
surface, we can divide out K3 x T 2 by a certain Z2-action, which acts on T 2 as w — > —w, 
and has no fixed points on K3. We will denote the resulting manifold by M.. This type of 
manifold was constructed by Borcea and Voisin |18], and its application in string theory 



has been studied for instance in [25, 26, 2( 



The three-cycles on M. can have two origins: there can be cycles that are the projections 
of the invariant cycles on K3 x T 2 , and there can be new "torsion" cycles £ for which 
2S = 0. In PB| , it is shown that there are three of these torsion cycles; they will not 
play a role in what follows, since they cannot support fluxes of H or C. The invariant 
three-cycles of K3 x T 2 can be constructed as follows. In [2~5|, the action of the involution 
on the two-cycles of K3 is given: let E% be the intersection matrix of the root lattice of 
the corresponding algebra, and a the intersection matrix of the hyperbolic lattice: 



a 



1 

1 



(3.43) 



We can choose a certain integral basis of H2(K3,Z) such that the intersection matrix is 



E 8 © a © E 8 © a © a, 



(3.44) 



and Z2 maps the first ten basis vectors on the next ten, and maps the final two basis 
vectors to minus themselves. Therefore, we can construct the invariant two-cycles as 
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follows: 



A i = A x (S i - £ mo ) Bi = B x My^" - S^ 10 ) 

A 11 = Ax £ 21 fin = Bx £ 22 (3.45) 

12 



A 12 = AxT? 2 Bio = BxT 21 



where i — 1, . . . , 10. The intersection numbers of these cycles are 

A i f]Bj = 25) 
A u nB n = 1 

A 12 nB 12 = 1, (3.46) 

and all other intersections vanish. 

The story for the cohomology is similar: a basis of invariant three-forms is 

LO\\ = LO21 

uj 12 = uj 2 2- (3.47) 
From [2^|, we know that the holomorphic two-form of K3 obtains a minus sign under the 



Z2, so the holomorphic three- form VLm = dz A VLkz is invariant. In terms of the notation 
of the previous section, this implies that z % = — z t+1 °, and z 11 and z 12 are arbitrary. The 
projected holomorphic three-form is z where I = 1, . . . ,12; z l = 2z\z u = z 21 and 
z 12 = z 22 . 

The period matrix is now very easy to find; it is 

tjj = tM u , (3.48) 

where r is the modular parameter of our original torus and Mjj = 2fi 8 ©2cr©a. The reader 
should note that in this expression 2E 8 stands for the E 8 intersection form multiplied by 
two, and not for E 8 ® Eg. 

Note that the lattice r 2 ,io corresponding to Mjj has two timelike basis vectors, so in this 
respect we are not really dealing with a Calabi-Yau yet. This is also reflected in the fact 
that the holonomy group of M. is SU{2) x Z 2 instead of the full 577(3), and in the fact 
that some of the intersection numbers in ( |3.46|) are 2 instead of 1. On the other hand, 



Ai is a real Calabi-Yau in the sense that it does not have any free one-cycles and admits 
only one covariantly constant spinor. 

From this point on, our calculation is exactly the same as the one in the previous section, 
where we replace the lattice r 3i i 9 by r 2 i everywhere. The resulting classical partition 
function is therefore the theta-function 



a 



'a,f3 = v a (r), (3.49) 
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on our lattice of signature (2,10) and for a specific choice (a, j3) of spin structure. Note 
that this is an automorphic function (i.e. it has weight 0) on the lattice r 2j io, but since 
this lattice is not self-dual, it is not a modular form under the full SL(2, Z) acting on r, 
but only under a subgroup of it. 

As in our previous example, it is relatively straightforward to include the C field in our 
expressions, but since the resulting formula is not very enlightening we will not present it 
here. 



4. IIB PERSPECTIVE AND THE QUANTUM CONTRIBUTIONS 



After having studied the classical contributions to the five-brane partition sum, we would 
like to find an expression for the full partition sum including quantum corrections. From 
the type IIA point of view, we have not found a clear way to derive this expression. 
However, there is some intuition, which we explain in section |4.1| . Then we turn to the 
T-dual description of our system (as described in section |2.2|) , where we can say much 
more. As we said before, we find an M = 2 supergravity theory which we describe in 
section |4.2| . Before finding the quantum result, in section fO]we explicitly check that this 
description gives us the same classical partition sum as the IIA-description did. Then in 
section fOL we find the quantum contributions and write down the full partition function 



for our system. Section 4.5 discusses the quantum aspects of our two examples. 



4.1. The quantum contributions — type IIA point of view 



As we mentioned before, our final claim in section [4.4| will be that the quantum correc- 
tions to the partition function are given by the generating function of topological string 
amplitudes. From the IIA point of view, we do not have a complete argument as to why 
only the topological string amplitudes would appear in the partition function. However, 
there might be some kind of "twisting argument" along the following lines. Note that 
the geometry of the Calabi-Yau is such that if we put type II string theory on it, the 
theory on the Calabi-Yau has two remaining supersymmetries. Now when we introduce 
a five-brane, one of these supersymmetries is broken, and we are left with M = 1. The 
Lorentz group in six dimensions is 5*0(6) ~ SU(4), whereas the holonomy group of the 
Calabi-Yau is SU(3). Therefore, there is a remaining U(l) inside the Lorentz group that 
we could twist with the U(l) in the supersymmetry algebra. By general arguments f| 
branes wrapped on non-trivial cycles have a twisted supersymmetry algebra which causes 
them to be described by topological field theories. For CY manifolds this twisting does 
not change the physical properties, as e.g. is the case for the M = 4 super- Yang-Mills 
theory on a K3 manifold This might lead to a topological version of the little string 



theory that is equivalent to the topological string. 
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Admittedly, this argument is very hand-waving and hard to make precise. Therefore, we 
now turn to the T-dual description of our system, where we have much better control 
over the quantum corrections to our partition function, and we will really be able to see 
the appearance of the generating function for topological string amplitudes. 



4.2. The field content of the supergravity theory 

Now we turn to the T-dual description of our system, and we consider an arbitrary number 
k of five-branes. Compactifying ten-dimensional type II supergravity on a CY manifold 



gives a four- dimensional M = 2 supergravity theory. Recall from section [2.2| that the 
presence of the five-branes means we will be studying M = 2 supergravity on an ALE- 
space of type Ak-v If we start with IIA supergravity, we obtain h 1 ' 1 vector multiplets and 
h 2,1 hypermultiplets; if as in our case we start with IIB supergravity these numbers are 
exchanged. Besides these multiplets, both theories contain the universal hypermultiplet 
and the gravity (Weyl) multiplet. 

On the IIA side, the complex moduli z 1 and the fluxes of the C-field x 1 are the scalars 
in the h 2,1 + 1 hypermultiplets. Therefore, after T-duality, these fields (at least the ones 
that are not in the universal hypermultiplet) must correspond to fields in the h 2,1 vector 
multiplets on the IIB-side. Since T-duality acts transversely to the CY, nothing changes 
to the complex structure moduli z 1 , so they are the scalars that appear in the vector 
multiplets. (The overall length \z\ is the field that is in the universal hypermultiplet.) 
On the other hand, the fields x 1 correspond to the three-form field C, which — since it 
only has legs along the CY — corresponds to a four-form field on the IIB side. After 
reduction on the CY this field turns into a set of Abelian gauge fields with two-form field 
strengths F 1 — one for each three-cycle of the Calabi-Yau. The real components of x 1 
are most easily recovered when we realize that after reduction of the gauge fields on the 
T-duality circle, they split up into a three-dimensional real scalar and a three-dimensional 
gauge field which can be dualized into a real scalar. 

An important role in this section will be played by the auxiliary vector field that is in the 
gravity multiplet, the graviphoton. As we will see, its field equations will set it equal to 
the linear combination of F 1 that corresponds to the (3,0)-form of the Calabi-Yau. 

Finally, we would like to see what the free parameters we summed over on the IIA-side, 
i.e. the fluxes of the self-dual two-form, correspond to on the IIB-side. The easiest way 
to see this is to look at the differences of these fluxes on two different five-branes labeled, 
say, a and b. This difference is 



'A 1 J A 1 



2tt 



At first sight, this expression would seem to be zero, since we could draw an interval / 
between the two three-cycles on a and b, and evaluate this expression as the integral of 
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dH = over A 1 x I. However, note that the presence of the C-field changes this since 
a gauge transformation C — > C + dB is not really a symmetry in the presence of the 
five-branes, unless we compensate it by changing H — > H + dB. Therefore, if C a and 
Cb differ by such a gauge transformation, so must H a and if?,, and the above expression 
becomes 

pi-pi = ^( [ a- f c b 
1 

2^ 



A 7 J A 7 

(4.2) 



A'xl 



where is the field strength of C. 



Now we can translate this expression to the IIB-picture. Note that if we let the two 
five-branes a and b coincide on the IIA-side, this corresponds to the vanishing of a specific 
two-cycle S% b on the IIB-side. Therefore, the interval I is effectively replaced by this two- 
cycle under T-duality. Of course, the four-form field strength also becomes a five-form 
field strength, so our claim is that on the IIB-side 



/ i 1 

Pa-Pb = 7T 



A'xS 2 . 

a.b 



— I F 1 . (4.3) 



2tt 



s 2 



We therefore see that to relate our results of section |3| to the IIB-picture, we will have to 
sum over the fluxes of the vector fields through the vanishing cycles of the ALE-space. As 
we saw this only gives us the differences of the fluxes — we will come back to this point 
later. 



4.3. The classical part of the partition function 

As we argued in the previous section, we are interested in the terms in the effective action 
that contain the gauge field strengths F 1 and the graviphoton field strength T. The terms 
in the supergravity action containing these fields and the fields z 1 that are in the same 



supermultiplets are 28 



S = — - / -t u FL A Fl - 2z I F I _ A T_ — z 2 T_ A T_ (4.4) 

27T J 2 

The subscript on Fl and T_ refers to the fact that in our setup these fields are anti-self- 
dual. In principle, the self-dual complex conjugate terms are in the action as well, but 
we claim that these fields do not contribute in our limit. This follows from the fact that 
we send the distances Ax between the five-branes to zero in the IIA-picture. In the IIB- 
picture, this means that the size of the cycles supporting the self-dual fields goes to zero 
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(in fact, we know that when Ax = 0, we are at the A^.x-singularity, where we only have 
the anti-self-dual cycles), and the fluxes of F 1 and T only come from the anti-self-dual 
parts of these fields. We are going to be a bit sloppy here, since we should really follow the 
same procedure as in the preceding section — first calculating partition functions with 
arbitrary field strengths, and then taking holomorphic roots, where we need to make a 
choice of spin structure. We will not carry out this analysis again (the details are left to 
the ambitious reader), but carry on in this more imprecise way. We will see that for this 
reason, our results will lack some phase factors, but for the rest they will be correct. 

The field T_ is an auxiliary field (the graviphoton field), so we may choose to integrate it 
out. This will turn out to correspond to integrating out the auxiliary t-parameter on the 
IIA-side. The equation of motion for T_ is 

T = (4.5) 
and inserting this in the action we find 

= -tJ^" fLafJ - (4 ' 6) 



where M is the same matrix (|3.17 ) as before. 



The solutions to the equation of motion for F are harmonic two-forms, and as we argued 
in the previous section, we will have to sum over the fluxes of these harmonic forms. 
Therefore we expand F£ in a basis a a of harmonic forms: 

Fi = 27rn I a a a (4.7) 

The 2-7T is inserted so that the flux quantization condition forces the n T a to be integers or 
half-integers, depending on a choice of spin structure on our manifold which as we said we 
will leave out of our considerations. Since Fi is anti-self-dual, we can take a basis where 
the a a that appear in the above equation have *a a = —a a , and hence the classical value 
of the action is 

S = -iwAfunini J a a A a b 

= -mJfuniniQ^. (4.8) 

We now turn to the question what the matrix Q ab is, or equivalently, what the basis 
of harmonic forms a a is. If we would be on a compact four- dimensional manifold with 
an Afc_!-singularity, the matrix Q would correspond to the intersection matrix of the 
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vanishing 2-cycles at the singularity, which is the A k _i Cartan matrix corresponding to 
the 5C/(A;)-lattice: 



Q 



ah 



( 2 
-1 





-1 

2 
-1 






-1 

2 
-1 






-1 

2 



(4.9) 



V : : : : 

The reason that we find this intersection matrix is that the overall charge of the five- 
branes must be zero, since no flux can escape to infinity. In that case, the basis vectors 
a a can be chosen to be of the form e a+l — e a (for a — 1, . . . ,k — 1), where each of the e l 
corresponds to a single unit of flux through the i-th vanishing cycle. Note that since e l 
and e J have intersection <5* J , these basis vectors indeed have the intersection matrix given 
above. However, since we are on a noncompact manifold we can have a flux through the 
sphere at infinity and hence a nonzero overall charge, so we have to add a harmonic form 
a corresponding to an overall unit of flux through the sphere at infinity. Note that this 
two-form will not be L 2 -normalizable, whereas all the other basis vectors are. 



a for a = 1, . . . , k, in which case the matrix Q ab 
- 5 ab . This is the Cartan matrix for U{k) 



Of course, we can also take a basis a a = e' 

simply becomes the identity matrix: Q ab = 0"". inis is tne uartan matrix tor U{K) [oi 
U(l) k ), which is the correct group since we added a U(l) degree of freedom at infinity. 
The difference between U(l) k and U(k) (or any groups in between) cannot be seen in this 
analysis; the U(l) k case corresponds to the Coulomb branch, where the five-branes are 
separated, and the U (k) case corresponds to the Higgs branch where the five-branes are 
on top of each other. We will see that our analysis only covers the Coulomb branch. 

Inserting the matrix Q ab = 5 ab in the action gives 



S = -iit^nlJJunl. 



(4.10) 



a=l 



Now we have to perform the sum over the fluxes as we did on the IIA-side, and we find 

k = Z 



Z% k = ^ y^^-iy- S - e in ^a = l nI a^U n i 



'y^^_^y-s. ^irnW ! jn J 
K W} s.s. 



(4.11) 



where the second sum stands for the sum over spin structures, and we included a sign 
that depends on this spin structure and that should follow from a careful analysis of 
the self-duality of the fields. Zf is indeed (modulo phase factors) the classical partition 
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function of a single five-brane we found in section [3]2]. The final expression shows that 
we are on the Coulomb branch, since the different five-branes do not interact and all give 
the same contribution to the partition function. 



Similarly, we can do the calculation starting from ( |4.4j ), and expanding the classical value 
ofT_: 

T_ = 2vrt a a a , (4.12) 

where we called the new variable t to agree with our previous result. The classical part 
of the partition function now contains a sum over the fluxes and an integral over the 
variables t a : 



Zcl 
X,k 



a=l 



^2 I dti ■ ■ ■ dtk exp 2tt ^ ( 7j T u nI a nJ a ~ ^zi^ita - z I z I t a 



/ dtexp27r 



Tijr^n 3 — 2zjn 1 t — z 1 Zjt" 



(4.13) 



which is the result we found in section |3]4] after we introduced the variable t. Once again, 
we left out the sum over spin structures and the corresponding signs, but of course they 
should be included as well. 



4.4. The quantum contributions — type IIB point of view 

Now we want to find the quantum contributions to the five-brane partition function. 
Therefore, we have to identify the terms in the 4-dimensional supergravity action that 
come from these contributions. Recall that the four-dimensional space is an ALE space. 
Such a space has a holonomy group SU{2) C SO (A) = SU(2) x SU(2). In terms of the 
curvature, this means that the self-dual part of the curvature R = R + + i?_ vanishes, so 
the curvature is purely anti-self-dual. The corrections to the supergravity action that are 
non-zero when the self-dual part of the curvature vanishes are explicitly known [ 25] , and 
they are of the form 

/oo 
J^R- A R-(g 8 T_) 2 <>- 2 r g (z,z). (4.14) 

9=1 



Moreover, in |29j it is explicitly shown that the T g {z, ~z) coincide with the topological string 
amplitudes at genus g. We have indicated that in general through the mechanism of the 
holomorphic anomaly [|l6j these amplitudes also have an anti-holomorphic dependence. 
Note that when we take the limit described in section 0, the only component of T that 
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remains in this expression is the component T corresponding to the flux through the 
sphere at infinity. 

In our setup, the terms given above can easily be integrated. Note that (g s T) 2 is a 
harmonic four-form, so we can take it out of the integral and replace it by the constant 

A 2 = (g s T ) 2 , (4.15) 

where in our limit A takes over the role of the string coupling constant. Moreover, since 
R is anti-self-dual, J R 2 _ = J R 2 = x, the Euler number of the ALE space. For an A^_i 
space this Euler number is k — 1, and hence the contribution of these terms to the partition 
function is 

e -s*» _ e (fc-i)E s >!A 2 «- 2 ^ 9 ( 2 ,2) 

= (Zf) k ~\ (4.16) 

i.e. the (k — l)-th power of the quantum contribution that should correspond to a single 
five-brane on the IIA-side. Note that again, there seems to be a "missing five-brane" 
here. We will say more about this in section p.'S\ Anyway this result leads to our main 
conclusion: the quantum corrections in the particular decoupling limit of the five-brane 
are given by the B-model topological string amplitudes 




(4.17) 



So now, all the hard work is done, and we are ready to give our full result. Combining the 
classical and the quantum results we found, the formula for the single five-brane partition 
function in the limit we considered is 



Q n .a(x:z 



,z)exp^F g (z,z)\ 29 - 2 J, (4.18) 



where the first factor is the classical result (|3.25|) , and the second factor represents the 
quantum contributions. 



4.5. Examples: K3 x T 2 and (K3 x T 2 )/Z 2 



We now return to the examples we studied in sections |3.5| and [3.6| . The first of these was 
the example of the five-brane wrapped around K3 x T 2 . We recall that the full partition 
function in this case is known from two different calculations, and reads 



#4,20 (r, r) 

7?( 



,21 



(4.19) 
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In section |3.5| we checked that our classical contribution also gives a theta-function similar 
to the one above. We would now like to study the quantum contributions to this partition 
function. 

In fact, because of the M = 4 supersymmetry there are only one- loop contributions in this 
specific case. Therefore, to find the full quantum corrected partition function, we need to 
know the one- loop amplitude for topological strings on K3 x T 2 , which was calculated in 



30| . The result is that 

^ = -24 log Mr) |, (4.20) 

where the superscript c refers to the fact that we take the contribution to T\ that depends 
on the complex structure moduli. Exponentialing this, we find exactly the quantum 
contribution to ( 4.19|) . 



Next, we turn to our second example: M. = (K3 x T 2 )/Z2. Here, as far as we know, 
we cannot compare our results to results in the literature as we did in the K3 x T 2 
case. However, the topological one-loop amplitude for this example is known, and it is 
calculated in [2~7|. The result is that 



^ 1 = -log|r ? 24 (2r)$^( 2/ )|, (4.21) 

where y represents the holomorphic two-form (before dividing out the Z2) of K3 x T 2 , 
and &be is a certain modular form of weight 4 on I^io which was called the Borcherds- 
Enriques form in f27|. Putting this result together with the classical result we found 



in section |3.6| , we find that up to one-loop corrections, the partition function for the 
five-brane on M. is 

02,10(1-, r) 



(4.22) 



This result is still an automorphic form of weight 4 on I^io, and transforms as a modular 
form under a subgroup of SL(2, Z) acting on r. Since M. only preserves half of the super- 
symmetry that K3 x T 2 preserves, one expects that there are higher-loop .^-corrections 
to this expression as well. 



5. Remarks and open questions 



The result we found in the previous section leads to many interesting remarks and open 
questions. In this section, we mention three of these. We begin by observing in section 
|5.1| that both the classical and the quantum part of the partition function satisfy a holo- 
morphic anomaly equation. Though we have some arguments as to why this is the case, 
we do not yet understand the reasons for this completely. In section |5]2|, we ask some 
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interesting questions about the one-loop contribution to our partition sum. Finally, in 
section 5J3 we discuss the "missing five-brane" , another point that is still not completely 
clear to us. 



5.1. The holomorphic anomaly equation 



We will now show that the holomorphic blocks ^ p (x; z, z) obtained in ( |3.28| ) satisfy exactly 
the same holomorphic anomaly equations that the generating function for topological 



string amplitudes satisfies, and that were found by Bershadsky et. al. [T(| Indeed, it was 
noted by Witten |17| that these equations can be interpreted as a Knizhnik-Zamolodchikov 
type equation for the holomorphic quantization of the space H 3 (X, R) of three forms on 
the Calabi-Yau manifold X. This space carries a natural symplectic structure f x JiSlA^S^, 
with 5i t 2& £ H 3 (X, R), which can be used to quantize it. 

More precisely, a straightforward calculation shows that the functions *ff p (x; z,z) obey the 
following equations: 



-^-j^f p (x;z,z) 



d_ 

_d_ . 



— - \ C u K%J -^k ~ ™C IJK x J x K 



dx 1 

1 c, 



^ p (x;z,z) 



JK 



d 2 



16ni 



dx J dx K M 



13 



^ p (x; z, z) 



with 



Cuk = d K ru = didjd K T 
Note that if we put x = we find the equation 



(5.1) 



(5.2) 



9 Tit 



dz 



V p (0;z,z) 



' Cj JK 



D 2 



16ni 



Dz J Dz K 



ty p (0;z,z) 



(5.3) 



where the covariant derivatives are with respect to the metric Im tu, i.e. they contain the 
Christoffel symbols Tjj K = \Cu K . The function fi(z) is defined by 



fx = — h logdet Imr, 



(5.4) 



so that difx 



a u u ~ 2 L ij- 



The reader who is familiar with the work Jl6| will note that (|5.3|) is very similar to the 
holomorphic anomaly equation satisfied by the generating function for the topological 



string amplitudes, and that (|5.1|) look like the equations for the generating functions of 
correlation functions. However, there are some differences between the equations above 
and the equations found by Beshadsky et al. The reason for this is that strictly speaking 
the variables z 1 are coordinates on the "large phase space" Ai c which parametrizes a 
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complex structure together with a choice of holomorphic (3, 0)-form Q. In other words 
they represent projective coordinates on the "small phase space" Ai c , the moduli space of 
complex structures. In order to relate our equations to the ones obtained by Bershadsky 
et al. and Witten we therefore have to use the inhomogeneous coordinates on Ai c , that 
describe only the (2, l)-part variation of the holomorphic 3-form. 

We do this as follows. For given values of the moduli we can write for any 3-form x = x 1 uji 

x = x ± + x , x ± e H 2 ' 1 , x e H 3 ' (5.5) 

with (x±,z) = and xo = z(x,z)/(z,z). Using this split we can define a derivative dj~ 

that describes the variations in the (2, 1) direction satisfying z T dj~ = 0. In terms of the 
Kahler form 

K = — log(z, z) = -Im (/JF/) (5.6) 

this derivative is given by 

d± = d z + d z Kz J dj. (5.7) 

Moreover, in the topological string theory the amplitudes are defined on the small phase 
space Ai c , but they are in addition functions of the string coupling constant A, with the 
genus g contribution weighted by \ 2g ~ 2 . The function ty p (x;z,z) can be expressed in 
terms of these variables (as will be explained in the appendix) by imposing the relations 

and 

Using the relations ( |5.5| - |5.9| ) the BCOV equations which are formulated on the small phase 
space are seen to coincide with our equations as derived on the large phase space. Details 
of this calculation are given in appendix 

Note that in our final answer Q4.18|) , the complex conjugate of ^> p appears. This means 
that this factor in our answer satisfies an anti-holomorphic anomaly equation, whereas the 
quantum factor satisfies the (complex conjugate) holomorphic anomaly equation. Simi- 
larly, in ( |3.29| ), T appears, whereas in the quantum terms the holomorphic Tg"$> appear^]. 



Following Wittens arguments in ||17|| , the anomaly equations state that the corresponding 
quantities live in a line bundle over the moduli space of complex structures, and are in 
some sense independent of the chosen background complex structure. Apparently both 



*It is tempting to identify t with A 1 to make this correspondence even more precise, but we do not 
have any clear physical arguments to support this idea. 
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the classical result and the quantum contributions have this property separately. More- 
over, if i and ^2 are two objects satisfying holomorphic and anti-holomorphic anomaly 
equations respectively, there is a natural inner product of the form 



dxe~ xx ^ 1 ^ 2 (5.10) 
which gives an anomaly- free result. In fact, this inner product is background independent 



17 . It has no z and z dependence and is therefore a topological invariant associated to 



the CY manifold. 

Why would one integrate over the x variables? They are expectation values of the super- 
gravity scalar fields at infinity. If we would compactify the four- dimensional (euclidean) 
space-time M 4 one would be forced to integrate over these vev's. The result then rep- 
resents the partition function of the full ten-dimensional Type II string on the compact 
ten-manifold X x M. Because of supersymmetry this partition function corresponds to a 
topological index and is therefore background independent. 



5.2. The one loop contribution 



In section ^4.5| we explicitly calculated the one-loop corrections to the partition function in 
two examples — where in one case the one-loop correction actually was the only correction. 
Since after the classical contribution the one-loop corrections are the easiest ones to get a 
grip on, one might wonder if we could give some more proof for our formulas by doing an 



explicit calculation. In fact, a general expression for T\ is known |2Yj], and it is given 
by 

F x = pg(-l) p+9 logdet'A M 

0<p,g<3 

= Qlogdet'A^-eiogdet'A^ + logdetA 1 ' 1 , (5.11) 

where det'A p ' 9 is the determinant of the <9-operator acting on (p, g)-forms with the zero- 
modes left out, and in the second line we used the special properties of the Calabi-Yau. 
One would like to reproduce this result directly from a one-loop calculation in the field 
theory on the CY that we obtain in our limit. A naive guess would be that the one- loop 
result would simply come from the determinants of the Laplacians and Dirac operators 
for all the fields in our theory. However (although again one has to be careful with the 
self-duality of the tensor field), this does not seem to give the right numerical prefactors 
in ( |5.11|) . The reason is probably related to the reason why these exponents appear in 
(|5.11| ): if we would calculate the exact partition function for the topological string on 
a CY, the result would be zero since there are fermion zero modes we integrate over. 
Here the zero-modes have to be absorbed by introducing fermionic operators in the path 
integral leading to the partition function. We suppose that a similar calculation has to be 
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done in the five-brane field theory, and one would obtain the correct one-loop contribution 
( 5.11 ). It would be interesting to work this out in detail. 



5.3. The missing five-brane 

At several points in this paper, we encountered a "missing five-brane" : we inserted k five- 
branes in the IIA-theory, but the results on the IIB-side seem to apply to k — 1 five-branes. 



In section [4.2| , this problem showed up in the form of a sum over differences of fluxes 
instead of over the fluxes themselves. In section |Q| , we could cure this problem, though 
in an admittedly heuristic way, by introducing a U(l) degree of freedom corresponding to 



the overall flux at infinity. However, our quantum result in section again showed only 



k — 1 five-branes, and we were not really able to cure this problem here. 

There are two ways out of this problem. The nicest way would be to completely under- 
stand the degrees of freedom at infinity, and include them in our quantum calculation 
as well. However, one could also take the limit of large k and look at an "ideal dilute 
gas of five-branes", and only look at the leading fc-behaviour. This way of looking at 
things, though of course much less satisfying theoretically, would clearly reproduce the 
right results. 

We feel that to completely solve this problem, a better analysis of the T-duality between 
the set of five-branes in type IIA and the Taub-NUT space, and especially of the decom- 
pactification limit, is needed. It would be very interesting to carry out such an analysis. 



6. Conclusion 



In this paper, we computed the partition function for the NS five-brane of type IIA string 
theory, including its quantum corrections, in a double scaling limit very similar to || 
in the presence of a flat RR three-form field. The result is an expansion in the string 
coupling constant, where the leading term is the sum over classical fluxes of the self-dual 
two-form field that lives on the five-brane, and the corrections are given by the higher-loop 
amplitudes of B-model topological strings. 

There are many interesting open questions, three of which we described in section [|. We 
would like to have a better understanding of the appearance of the holomorphic anomaly 
equations; we would like to be able to calculate the one-loop contribution to the partition 
function directly, and we would like to have a cure for the "missing five-brane" problem. 
Besides this, it would of course be interesting to apply our results to more examples, and 
in particular to a Calabi-Yau manifold that has a full SU (3) holonomy group, such as the 
quintic. 
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A. Derivation of the BCOV-equations 



In section we obtained two equations for the conformal blocks *(x 



d i ~ ^C u K x J d x K - mC IJK x J x 



1 



C 7 JK d x jd x K 



16ni 



(A.l) 
(A.2) 



Throughout this appendix we will use a shorhand for derivatives where di, dj are deriva- 
tives with respect to z 1 and z 1 respectively, and derivatives with respect to another vari- 
able such have this variable as a superscript. 

We want to relate these equations to the holomorphic anomaly equations for the topolog- 
ical string partition function z 1 , A), that were found [TfJ by Bershadsky, Cecotti, 
Ooguri and Vafa (BCOV). These equations read 



X - Y^.r'^l - —C ijk x ] x k + diKXd 



2A 



\2_ _ _ 

—C-^e 2K G"G kk d*dl - G- li x j (x k d x + \d> 



(A.3) 



The equations look quite similar, but there are three important differences, which will be 
discussed below. 



Dependence on X 

First of all, the BCOV-equations contain the string coupling constant A. In our approach, 
we set the prefactor of 1/A 2 in the action to 1; we can reintroduce it by scaling x and z 
by a factor of A. Our equations now obtain the same factors of A as ( |A.3|) . 

Reintroducing A means that our result will be a homogeneous function of degree zero in 
z, x, and A. This gives us an extra differential equation: 

{4 + + *w) * - »■ < A 4 > 
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From large to small phase space 

Our equations are written in terms of the coordinates z 1 , living in the "large phase space" 
H 3,0 (X) © H 2,1 (X). However, the original BCOV-equations are written in terms of the 
space of all complex structures on X, which is locally isomorphic to H 2,1 (X). Therefore, 
we want to restrict our differential equations to some surface^] z 1 = f\z l ), where the 
number of % is one less than the number of J, and the surface cuts every line through the 
origin in z^-space once. 

We want to do something similar to x, but at first it is not obvious how we should 
choose the x % to get to the BCOV-equations. However, it is clear from the form of the 
conformal blocks (|3.28|) that the part Xq of x 1 in the direction of z 1 can be absorbed in z 1 . 
Our equation therefore only depends on the perpendicular part x 1 ^ of x 1 . This quantity 
depends on z 1 , so if we define ^(x; z, z; A) = ^(x±; z,z; A), its z-derivatives are given by 

d r i> = (dj + , (A.5) 



dz 1 

and similarly for the ^-derivatives. 
The Kdhler metric 

Finally, we have to express our equations in terms of the Kahler (Zamolodchikov) metric 
defined by e~ K = j Q A Q, which in our notation becomes 

K = -log(z I z I ), (A.6) 

where we ignored a constant term. 

An important property of K is that it is constant on surfaces of constant \z\, so we can 
use its first derivative to project vectors and vector fields in the z-direction. For example, 
we have 

X I ± = X I + djK^x^ (A. 7) 



which allows us to calculate the derivatives appearing in ( |A.5| ): 



d lX { = (5/ + d!Kz J )d L Kx L = (A.8) 
d 7 x J ± = G 7K x K z J } (A.9) 

where in the first line we used that d^Kx 1 = OlKxq which vanishes since we set Xq = 0, 
and in the second line Gjj is the second derivative of the Kahler form K. 



*The reader should not be confused by the similar notation for the completely different quantities /i 
and f 1 . 
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Some more relations 

There are a few more relations we have to derive before we can rewrite our equations. 
First, note that z 1 Cuk = 0, which we can insert in (]A.1|) and (|A.2f) to obtain 



*5?* = *sr* (A10 > 

= 0. (A.ll) 



The relations ( A.4j) , ( |A.10|) and ( |A.11| ) will be the key ingredients in rewriting our equa- 



tions in terms of the new variables. 

Finally, we would like to express the derivatives di in terms of <9/. Note that 

_ fdf[ + dfi\ 



dz % V dz 1 dz l ) dz 1 



dfL 8 V)£. (A.12) 



dz l dz 1 ) dz 1 

where in the last line we used the fact that /q is uniquely parameterized by K. Of course, 
everything we did here also holds for the ^-derivatives. 

The BCOV- equations 



So now we collect everything we derived so far to reach our final answer. Using ( |A.12| ), 
flAH) and (|A.1|) we obtain 



W = dtfi (df - l -C u K xid x K - ^CjjKxixf^ v& + d t K(\d x + x{df)S>. (A.13) 
Now it is clear what is the right way to define the x % : they should be such that 

x{ = 9 Jix\ (A.14) 



Inserting this in QA.13 ), we can remove all upper case indices and obtain 



d$ = (^f-^C^x^-^Qj^x^if + diKiXd^x^if. (A.15) 
Now note that the Kahler metric and the metric Imr are related by 

lmT U = -2iG 7j e~ K , (A. 16) 
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when acting on the perpendicular coordinates. From this equation, it is straightforward 
to write down the Cristoffel symbols for the Kahler metric: 



1 i 

F ijk = \diG jk = (~C ijk + -diK(lmT) jk )e K . 



(A.17) 



Inserting this in our result gives: 



& - T k ,x j d x k - —C ijk x j x k + d i KXd > 



y~ 2A 2 



(A.18) 



which is the first BCOV-equation. 

The calculations to get to the second BCOV-equation are very similar: using the defini- 
tions and the homogeneity relations, we find 



d^> = d-Ji I djh + -C 7 -d x jd x K - G lK xl (xicfj + Xd A ) ) *. (A.19) 



Now we can again insert the Kahler metric and replace upper case indices by lower case 
ones, and we obtain the second BCOV-equation: 



(ar-9r/i)# 



2 ~ % 3 k 



'—C^e 2K G j iG kk dp* - G Tj x j {x k d x k + Xd x ] 



(A.20) 
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